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Abstract

Pre-trained models with parameter-efficient fine-
tuning have shown strong effectiveness in Class-
Incremental Learning (CIL), which seeks to bal-
ance model plasticity and stability. In this con-
text, orthogonality constraints can significantly
enhance model stability, yet their reliance on sub-
space inevitably compromises model plasticity
over long tasks. To address this, we propose
Gradient-Recycling Low-Rank Adaptation (GR-
LoRA), which reconciles stability and plasticity
by recycling the gradients discarded in orthogonal
projection. Specifically, GR-LoRA recycles post-
decomposition non-orthogonal gradient compo-
nents into task-specific lightweight modules and
selects optimal module via entropy to improve
plasticity, while incorporating local and global
mismatch suppression to preserve stability by
synthesizing out-of-distribution representations
across all tasks. Theoretical analysis confirms
that this recycling strategy preserves stability and
improves plasticity. Experimental results from
multiple CIL benchmarks verify the effectiveness
and general applicability of GR-LoRA.

1. Introduction

Class-Incremental Learning (CIL) aims to enable models
to progressively acquire knowledge from sequential data
streams in real-world scenarios (De Lange et al., 2021;
Parisi et al., 2019; Zhou et al., 2022). The primary chal-
lenge in CIL is stability-plasticity dilemma (Mermillod et al.,
2013; CHEN et al., 2023), where stability characterizes the
preservation of prior knowledge, and plasticity reflects the
capacity to adapt to new concepts. Large-scale pre-trained
models (PTMs) (Steiner et al., 2022; Radford et al., 2021),
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Figure 1. Left: Projection-based method enforces orthogonality to
past task subspaces, discarding non-orthogonal gradient compo-
nents. Right: Our method preserves the orthogonal update in the
shared model, while routing the non-orthogonal component into a
task repository implemented as task-specific modules.

together with parameter-efficient fine-tuning (PEFT) meth-
ods (Houlsby et al., 2019; Han et al., 2024) facilitate this
dilemma by leveraging strong representations while updat-
ing only a minimal set of model parameters.

However, existing PTM-based CIL methods still grapple
with distinct limitations. In the initial exploration, selection-
based methods (Wang et al., 2022b; Smith et al., 2023; Wang
et al., 2022a) dynamically select task-specific modules from
a shared pool using input similarity, which can lead to erro-
neous selection due to overconfident matching (Pan, 2019).
To circumvent unreliable selection, prototype-rectification
methods (Zhou et al., 2024; Wu et al., 2025) adopt an ex-
pandable parameter learning strategy on the same model,
update historical prototypes using current-task samples and
rely on the rectified prototypes at inference time, which
inevitably accumulates errors over long tasks. To avoid
accumulated errors of prototype rectification, orthogonality-
based methods (Liang & Li, 2024; Liu & Chang, 2025)
project current-task gradients onto subspaces orthogonal to
past tasks to prevent interference, but explicitly discarding
the non-orthogonal components, as illustrated in Figure 1
(left). Consequently, as tasks accumulate, this constraint pro-
gressively contracts the feasible optimization space (Liang



GR-LoRA: Gradient-Recycling Low-Rank Adaptation for Class-Incremental Learning

& Li, 2024). As established in Theorem 3.1, this contrac-
tion results in reduced plasticity due to the elimination of
non-orthogonal gradient components during within-task op-
timization. This observation motivates an investigation into
whether the non-orthogonal gradient components can be
explicitly repurposed to balance stability and plasticity.

Motivated by this, we propose Gradient Recycling Low-
Rank Adaptation (GR-LoRA), which redirects the non-
orthogonal gradient components into task-specific module,
as illustrated in Figure 1(right). Specifically, adhering to
orthogonality principles, GR-LoRA decomposes task gra-
dients into orthogonal and non-orthogonal components, en-
codes the latter into task-specific LoORA (Hu et al., 2022)
modules and selects optimal module via entropy to improve
plasticity without compromising stability. Theorem 3.2
demonstrates that preserving these components in auxiliary
parameter suffices to recover the original optimization trajec-
tory. To further improve the reliability of this selection for
preserving stability, we incorporate two suppression strate-
gies, consisting of Local Mismatch Suppression (LMS) and
Global Mismatch Suppression (GMS). LMS suppresses spu-
rious activations by routing current-task samples through
mismatched LoRA modules, forcing alignment with cur-
rent categories. Subsequently, GMS leverages prototypes to
synthesize out-of-distribution representations via inter-class
similarity compensation. These synthetic features approxi-
mate the global distribution, enabling the classification head
to effectively suppress mismatched signals across the en-
tire tasks. Extensive experiments across diverse benchmark
datasets demonstrate that GR-LoRA outperforms existing
state-of-the-art (SOTA) approaches.

2. Related Work
2.1. PTM-Based Class-Incremental Learning

The advent of large-scale PTM (Steiner et al., 2022; Radford
et al., 2021) has provided robust and generalizable repre-
sentations for downstream tasks. However, fully fine-tuning
these models is computationally prohibitive and prone to
catastrophic forgetting (French, 1999; French & Ferrara,
2020). Consequently, PEFT (Han et al., 2024; Houlsby
et al., 2019) has established itself as the mainstream ap-
proach for CIL. By freezing the pre-trained backbone and
optimizing only a minimal set of parameters, PEFT effec-
tively preserves historical knowledge while accommodating
new tasks. Based on the structural integration of trainable
parameters, existing approaches generally fall into three
categories: prompt-based, adapter-based, and LoRA-based
methods. Prompt-based methods insert learnable tokens to
encode knowledge via key-query retrieval mechanisms, such
as L2P (Wang et al., 2022b) selects dynamic prompts from
a pool to instruct the frozen backbone; DualPrompt (Wang
et al., 2022a) utilizes general and expert prompts to separate

task-invariant knowledge from task-specific ones; CODA-
Prompt (Smith et al., 2023) employs a decomposed attention
scheme to assemble prompts as weighted linear combina-
tions of pool components. Adapter-based methods, such
as EASE (Zhou et al., 2024) mitigates feature degradation
by integrating multiple adapter predictions with semantic-
guided prototype synthesis; SSIAT (Tan et al., 2024) aligns
new and old task features by continuously tuning shared
adapters and estimating mean shifts; and MOS (Sun et al.,
2025) optimizes inference efficiency by merging adapter pa-
rameters via a self-optimization retrieval mechanism. LoRA-
based methods, such as InfLoRA (Liang & Li, 2024) mini-
mizes inter-task interference by imposing orthogonal con-
straints to isolate low-rank subspaces; CL-LoRA (He et al.,
2025) splits the adaptation process by dedicating initial
blocks to shared feature learning via early-exit distillation,
while employing gradient reassignment on deeper blocks
to preserve task-specific knowledge; LoRA-DRS (Liu &
Chang, 2025) maintains representation stability by explic-
itly subtracting task-specific variations to construct a drift-
resistant space; and MACIL (Wu et al., 2025) mitigates se-
mantic drift by incorporating mean shift compensation and
covariance calibration to align class representations across
tasks. Despite these advances, existing PTM-based CIL
methods still struggle with stability-plasticity dilemma. We
propose GR-LoRA, a novel orthogonality-based low-rank
adaptation method that simultaneously ensuring stability
and enhancing plasticity through adaptive recycle gradient.

2.2. Out-of-Distribution Detection.

Out-of-Distribution (OOD) detection (Sun et al., 2022; Yang
& Xu, 2025) is critical for ensuring model reliability by
identifying samples deviating from the training distribution .
Existing approaches generally fall into two paradigms: post-
hoc scoring and training-time regularization. Post-hoc meth-
ods derive uncertainty scores from pre-trained classifiers.
Baseline metrics, such as entropy (Liu et al., 2020), operate
on the assumption that models exhibit higher confidence for
In-Distribution (ID) samples than OOD samples. In modu-
lar CIL, where distinct task-specific models are maintained,
identifying the correct module is intrinsically an OOD prob-
lem (Aljundi et al., 2017). Specifically, TUNA (Wang et al.,
2025) has demonstrated that entropy minimization can ef-
fectively select the appropriate task-specific expert during
inference. Conversely, training-time methods modify the
optimization objective to enforce compact decision bound-
aries. A seminal approach is Outlier Exposure (Hendrycks
et al., 2019; Du et al., 2022), which leverages large-scale
auxiliary datasets to explicitly penalize the model’s confi-
dence on anomalies. Adapting this to CIL, methods such as
TPL (Lin et al., 2024) leverage stored data from past tasks
as surrogate OOD classes, thereby reinforcing the boundary
discrimination between current and historical task.
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Figure 2. Tllustration of the proposed framework. Before training on task ¢, a residual subspace is constructed from the current task data.
During training of task ¢, the pre-trained backbone and all historical LoORA modules are frozen. We apply (a) Gradient Recycling: the
learnable modules G, A;, and By are aggregated to form G in the forward pass, while the backward gradients are projected onto the
residual subspace and decomposed, as detailed in (a*) Recycling Details. Simultaneously, (b) Local Mismatch Suppression is employed
by feeding the current data through historical modules. After training on task ¢, (¢) Global Mismatch Suppression leverages statistical
class prototypes to synthesize out-of-distribution features together with in-distribution features for classifier retraining.

3. Method

3.1. Preliminaries

The CIL problem is formulated as a stream of 7" tasks with
disjoint label spaces. Let D; = {(xy, yt,i)}gv:tl,denote the
dataset for the ¢-th task, where x; ; € &} and y;; € ), and
the label spaces satisfy ), N Yy = @ for all £ # ¢'. Access
to historical data D;.;_1 is strictly prohibited.

During the training of task t. For each task ¢, the pre-
trained backbone W and all accumulated task parameters
{BjA; };11 are frozen. A new trainable low-rank branch
AW, = B, A, is introduced, with A; € R"*4 initialized to
zero and B, € R4*" initialized from a Gaussian distribution,
with rank r» < d. Consequently, the weight matrix at layer

for the task ¢ is given by

t
W} =W/, +BjAl=W}+> BiAL. (1)
j=1

Given the input X; = {z,,}2, € X,, the network out-
put Z; is obtained via layer-wise propagation as Z! =
f(XEW), XH = o(Z!), where o(-) is nonlinear ac-
tivation, and [ € {1,...,L}, X} = X;. The model is
optimized by minimizing the Cross Entropy (CE) loss:
Log = CE(Z1, Y1), 2

where Y; € ); denotes the corresponding labels.

After the training of task t. Following (Tan et al., 2024;
Wau et al., 2025), the unified classifier is retrained after

each task using pseudo-features sampled from Gaussian
distributions of all learned classes. Specifically, at each task,
we compute class prototypes pi. and covariance matrices
Y. for all classes ¢ € ), based on the current feature Z;.
We then draw s, pseudo-features h¢ ~ N (ji¢, ) for each
class. The classification head is subsequently optimized
using the CE loss on these synthetic samples:

[C] se

- —ﬁ 3OS OBk o)

c=1i=1

3)

Lca
where C denotes the set of all accumulated classes.

3.2. Overview

As illustrated in Figure 2, our framework follows a two-
stage optimization scheme (Zhang et al., 2023a). During the
training of task ¢, we employ Gradient Recycling alongside
Local Mismatch Suppression (LMS). However, the accu-
mulation of non-orthogonal gradients within task-specific
modules inevitably biases the classifier. To rectify this, after
the training of task t, we employ Classifier Alignment (CA)
using generated samples. Within this phase, we incorporate
Global Mismatch Suppression (GMS), which synthesizes
OOD prototypes from ID statistics to assist CA in recali-
brating global decision boundaries.

3.3. Gradient Recycling

In this section, we introduce Gradient Recycling, which
recycles the gradients discarded by orthogonal constraints
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(Liang & Li, 2024; Liu & Chang, 2025) into a task-specific
lightweight modules, enhancing plasticity of current task.

Residual Subspace Construction. Before learning task ¢,
the feature space of the new task is isolated by temporarily
removing the accumulated LoRA parameters from previ-
ous tasks (Liu & Chang, 2025). Specifically, the effec-
tive backbone weights at layer [ are adjusted as W! =

Zt ! Bl Al Forwarding the current task data D
through thls subtractlon-adjusted model yields layer-wise
features X!. The empirical covariance matrix is then com-
puted as 3} = - (X}) " X}, where V; denotes the number
of samples in task ¢. Principal directions of the residual
feature space are obtained via singular value decomposition
(SVD) (Baker, 2005), ULAL(UD)T = SVD(Z!), where
U! contains orthogonal eigenvectors and Aé represents the
associated singular values. Based on these principal direc-
tions, residual subspace basis at layer [ is defined by the
top-k components, P! = (U!);. Accordingly, the matrix
P/(P!) T defines an orthogonal projector onto the residual
subspace, which restricts parameter updates to directions
that minimally interfere with previously learned tasks.

Gradient Recycling Optimization. Based on projector
P.(P.)T, optimization for task ¢ is performed through Gra-
dient Recycling Module G, as shown in Figure 2(a). Let
giys denote gradient at layer [ and training step s, and gradi-
ent decomposition induced by projection is given by

g, =Pi(P) gt + (I-PUP) gt @)
where I denotes the identity matrix, and the two terms cor-
respond to orthogonal components responsible for stability
and residual components accounting for plasticity.

Gy is implemented via a dual-component LoRA architecture,
as shown in Figure 2(a*) full variant. The effective LoORA
parameters are decomposed into a shared orthogonal com-
ponent {Al, Bl} and a task-specific component {A!, B!},
The forward mapping is given by

t—1
Wl =W§+ > BLAL + (B + B))(A] + A}) s
j=1

= Wi +BlAl =W/, + G,

where Bf‘ and Af‘ denote the effective unconstrained LoRA
parameters. The task-specific components Ai and Bfg are
initialized to zero, ensuring that the initial training dy-
namics coincide with standard LoRA (Hu et al., 2022).
By gradient additivity (Rahel & Hubert, 1991; Miiller &
Yao, 2010), the orthogonal component P}(P}) g} _ is as-
signed to the shared parameter module {A! B!} to pre-
serve stability across tasks, while the residual component
(I—-PL(P})")g! , is assigned to the task-specific module

{Al, B!} to facilitate plasticity for the current task. Sum-

ming both updates recovers the original unconstrained gradi-
ent, with interference confined to the task-specific module.

To improve training efficiency, a simplified variant of
Gy is adopted, as illustrated in Figure 2(a*). Exploiting
the commutativity of low-rank updates under mild condi-
tions (Zhang et al., 2023b), the input projection A; is frozen
and only the task-specific output projection By is learned,
which is mathematically equivalent to the full formulation
while substantially reducing computational cost. The LoRA
weight formulation simplifies to:

WO+ZB Al + (B + B}) - A} ©

= thfl + BtAé = thfl + éf&

Regardless of the architectural variant, model optimization
is performed using the CE loss:

Lop = CE(Z, YY), @)

where Z; = f(xt Wt) denotes the model output, and W,
denotes the collection of parameters across all layers. After
training, task-specific components are consolidated into the
task repository, represented as Gy = {B;, A} for the full
variant and Gy = { B, } for the efficient variant.

3.4. Mismatch Suppression

Upon the completion of task, the system must identify the
optimal task-specific LORA module for each input = without
access to task identity (Wan & Yang, 2025). Let é denote
the composne welght matrix for the j-th task, deﬁned as
G =W§+> "y s B AL + GY. A critical challenge
in CIL is that h1stor1ca1 modules often exhibit high confi-
dence on current task data due to semantic overlap, acting
as an OOD disturbance (Xu & Yang, 2025). To mitigate
this, we employ entropy as a selection metric (Wang et al.,
2025). The optimal module is determined by minimizing
the prediction entropy:

G* =

arg min
G G{Gl ----- Gt}

C
=Y felw; Gy)log fe(w; Gy), (8)
c=1

where f.(z; G;) denotes the predicted probability of class ¢
given input = and C denotes all accumulated classes.

However, sole reliance on intrinsic entropy is insufficient,
as mismatched historical modules may still exhibit high
confidence on current task data. To address this, we propose
two Mismatch Suppression strategies, comprising LMS and
GMS. As illustrated in Figure 2, LMS is integrated into the
training phase of task ¢ while GMS is applied during the
classifier alignment phase after task ¢.

Local Mismatch Suppression. To enhance the dis-
criminability of the selection metric during the training
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phase, we propose LMS, which integrates an Outlier Expo-
sure (Hendrycks et al., 2019; Miao et al., 2024) mechanism
in training phase. As illustrated in Figure 2(b), LMS treats
current data X* as OOD samples relative to all historical
modules {G };;1. Crucially, instead of enforcing a generic
uniform distribution that risks degrading ID feature discrim-
inability, we utilize the ground truth label as a directional
OOD target. This allows us to employ the standard CE loss
to concentrate probability mass onto this foreign class, effec-
tively suppressing activations on the module’s native classes
while preserving historical performance. To reduce the com-
putational overhead of traversing all historical modules, we
uniformly sample a single mismatched module index j per
mini-batch to impose this constraint. Formally, given the
prediction ZFMS = f(X*; G;), the LMS objective for task
tis given by: Lrars = CE(ZEMS|Y;). Consequently, the
total loss for during the training of task ¢ is formulated as:

Liotat = Lo + Lims. 9)

Global Mismatch Suppression. While LMS effectively
prevents historical modules from overfitting to the current
data, it provides only local regularization. It fails to capture
the converse failure mode, where task-specific modules of
the current task over-generalize to classes from previous
tasks, leading to global task confusion. To address this lim-
itation, we propose GMS, which synthesizes virtual OOD
features across all task-specific modules to enforce a glob-
ally consistent decision boundary, as shown in Figure 2(c).
Specifically, let . denote the prototype of class c in the
shared space, while i, and . denote its prototype and
covariance in the task-specific subspace, respectively. The
prototype drift vector as 6. = fi. — fic, Which captures the
geometric shift between the two spaces (Zhou et al., 2024;
Fukuda et al., 2025; Li et al., 2025). Based on these statis-
tics and inspiration, we first compute the semantic affinity
o . between the target class c and the task’s native classes
¢ € Cy, using cosine similarity in the shared space:

exp(sim(pe, fie) /7)

. 10
S co. oGz, p)j) O

aC’,C =

Next, we estimate the virtual OOD prototype uOOD by

transferring the weighted geometric drift of these native
classes to the target class c:

PP = pe+ D e o (11)
c'eCy

This process is extended globally to construct a set of OOD
prototypes PO = {uOPP | k € [1,t],k # Task(c)}
for every class c across all disjoint task subspaces.

Finally, to align the classifier, we sample s/t pseudo-OOD
samples h¢* ~ /\/'(,ug,?D, 3.) for each task k subspace.

The classification head is retrained using the CE loss to en-
force consistent prediction across different task subspaces:

[C] sc/t ¢

|C|ZZZCE (hoF e (12)

c=11i=1 k=1

Lams =

By further incorporating the standard classifier alignment
loss on available data, the overall objective for classifier
retraining is given by:

Lhead = Loa+ Lams. (13)

3.5. Theoretical Analysis

To analyze the plasticity of the proposed method, we study
the attainable population risk under different parameter
constraints from an optimization perspective. We assume
that the population risk R;(w) is p-strongly convex and
L-smooth with respect to the model parameters.

Theorem 3.1. Foreachtaskt =1,...,T, let WL,t denote
the solution obtained under the orthogonal constraint in-
duced by the layer-wise projectors {IIL}E_ |, and let W'y be
the unconstrained population minimizer of R;. Then, with
probability at least 1 — ¢, it holds that

T T
Z(RtWU RtW*> <y
t=1 t=11

* t)H2F + 92 log(QTL/é))7

2ny
(14)
where Wlt is the population minimizer under orthogonal
constraint and R, (+) denotes the Rademacher complexity.

M=

(4 R, (FL,)

Il
-

+ ﬂ”QéleRt(

As established in Theorem 3.1, when model updates are
constrained to orthogonal subspace, the cumulative perfor-
mance gap relative to the unconstrained optimum is domi-
nated by ||Q}Vw: Ry(W7 ) Hj, Consequently, even under
perfect samples and optimization, orthogonal constraints in-
duce an unavoidable plasticity gap.

Theorem 3.2. Suppose the model parameters are aug-
mented in the LoRA form W' = W} + Zt ! BlAl

(B! +BL)(AL + Al), where BLAL denotes the shared mod-
ule learned under orthogonal constraints, and BéAi isa
task-specific module allocated to task t. Let W , denote
the population minimizer under this parameterization. Then
the cumulative optimality gap across tasks satisfies

T T L
> (B(Wem) = Ri(W))) < 3000
t=1 t=1 [=1
1
2l QT w RU(WL) — Ty (QiVwe Re(W) [
(15)

where 11 s: denotes the projection onto St = range(BlAl)
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Table 1. Last and average performance results on CIFAR-100 and ImageNet-R under the long-term setting (20 and 50 tasks). The mean
and standard deviation of three trials are provided. We compare all methods using the same ViT-B/16-IN21K backbone, seeds, and class
orders. Red denotes the best result and blue denotes the second-best result in each column.

\ CIFAR-100 \ ImageNet-R
Method 20 50 20 50
«ALast »AAvg ALast «AA'ug ALast AAvg ALast -AAUg
L2P (Wang et al., 2022b) 79.51+067 85.50x123 73.91+167 81.90+098 | 69.641042 75.28+057 55.89+15 62.981280
DualPrompt (Wang et al., 2022a) 80.44+138 86.96+198 76.66+074 85.18+092 | 66.61+0s8 72.45+037 61.50+086 68.63+131
CODA-Prompt (Smith et al., 2023) | 81.36+0ss 88.17+061 55.45+048 68.39+053 | 69.96+050 75.34+085 48.89+000 55.59+267
SLCA (Zhang et al., 2023a) 89.62+018  93.03+100  87.90+017 91.96x130 | 75.53+042 80.65+116 68.95+446 T1.15+1057
InfLoRA (Liang & Li, 2024) 81.59+094 87.331232  55.19+283 69.96+355 | 73.01x082  79.76x0s3 61.91+x131  71.20+054
EASE (Zhou et al., 2024) 86.32+048  90.83x114 77434311 84.59+122 | 73.78+047 80.28+067 68.53+004  75.49+1.06
SSIAT (Tan et al., 2024) 90.07+0s56  93.54+0s3  87.33+146 91.63+0s0 | 78.31+053 82.35+052  T74.521035  79.01x054
CL-LoRA (He et al., 2025) 83.75+139 88.98+187  71.144244  T78.80x272 | 77.20+066 83.45+056 68.36+082  76.80+127
LoRA-DRS (Liu & Chang, 2025) 88.76 022  92.35+090 86.51+10s 91.17x097 | 74.962+017 80.66+067 72.17+027  78.05+070
MOS (Sun et al., 2025) 89.48+039 92.97+1001  87.05+t090 91.44+121 | 75.04+075 80.39+087 66.92+034  74.81x041
MACIL (Wu et al., 2025) 90.31+017 93.47+078 85.09+087 90.89+124 | 79.461015 84.25+0s51  T70.10x102  77.47 055
E-GR-LoRA 91.142002  94.11x0s6 89.76+023 93.16+077 | 79.212022 84.41+032 76.64+03  81.9410s52
GR-LoRA 91.46+011  94.41x001  90.03+028 93.38+096 | 80.23+027 85.05+047 76.74x063 82.6410s4
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Figure 3. The performance of each learning session under different settings of ImageNet-R and CIFAR100. All methods are initialized
with ViT-B/16-IN21k. These curves are plotted by calculating the average performance across three different seeds.

As established in Theorem 3.2, by introducing task-specific
module to recycle the residual gradient components, the plas-
ticity gap is no longer governed by the entire discarded gradi-
ent, but only by the portion that cannot be represented within
the subspace spanned by the task-specific module. This re-
sult demonstrates that explicitly recycling non-orthogonal
gradient components into task-specific module effectively
restores the model’s usable optimization space, thereby mit-
igating the plasticity gap induced by orthogonal constraints.
The detailed proofs are provided in Appendix C.

4. Experiments
4.1. Setup

Datasets. We train and evaluate our method on four widely
used CIL benchmarks. The benchmarks include CIFAR-
100 (Krizhevsky et al., 2009) with 100 categories, and
ImageNet-R (Hendrycks et al., 2021a), CUB-200 (Wah

et al., 2011), and ImageNet-A (Hendrycks et al., 2021b),
each comprising 200 categories. Following standard CIL
protocols (Liu & Chang, 2025), all datasets are evaluated
under 10-task, 20-task, and 50-task settings.

Evaluation metrics. Following CIL protocols (Liu &
Chang, 2025), we evaluate performance using two metrics:
the final accuracy Ap.s: and the average accuracy Aayg.
Let a; ; denote the test accuracy on the j-th task (j < )
after learning the i-th task. The average accuracy at stage ¢
is defined as A; = % 23:1 a;,;. Accordingly, the final ac-

curacy is given by Apqsr = % 25:1 ar,;, where T' denotes
the total number of tasks, and the overall average accuracy
. 1 T

is computed as Axpg = 7 ) ;1 A

Baselines. We consider four categories of PTM-based
CIL methods for comparison: (1) prompt-based methods,
including L2P (Wang et al., 2022b), DualPrompt (Wang
et al., 2022a), and CODA-Prompt (Smith et al., 2023); (2)



GR-LoRA: Gradient-Recycling Low-Rank Adaptation for Class-Incremental Learning

Table 2. Last and average performance results on four benchmark datasets (10 tasks) are reported. The mean and standard deviation of
three trials are provided. We compare all methods using the same ViT-B/16-IN21K backbone, seeds, and class orders. Red denotes the

best result and blue denotes the second-best result in each column.

Method CIFAR-100 ImageNet-A ImageNet-R CUB-200
ALast AA'Ug -ALast -AA'Ug -ALast -AA'Ug ALast -AA'Ug

L2P (Wang et al., 2022b) 84.06+0ss 88.26+134  44.04+093 S51.244226 72341017 T7.36x06s  67.02x£190 79.62x160
DualPrompt (Wang et al., 2022a) 86.93+024  91.13+032  53.19+074 64.59+008 69.10+062  74.28+066 68.48+047  80.59+150
CODA-Prompt (Smith et al., 2023) | 83.21+339 87.71+317  52.08+012  63.92+012  73.31+0s0 78.47+0s53 77.23+112  81.90+0s5
SLCA (Zhang et al., 2023a) 91.26+037 94.29+092 61.05+063 68.88+231  79.35+028  83.29+046 84.68+000  90.77+079
InfLoRA (Liang & Li, 2024) 86.20+070 90.58+152  47.75+051  58.13x056  75.88+032  81.90x065 69.04x125 81.83x04s
EASE (Zhou et al., 2024) 88.2240044  92.021076 54.931114  63.921076  75.91x017  81.38x020 85.04x142  90.93+%103
SSIAT (Tan et al., 2024) 91.48+024  94.28+090 62.58+158 70.73+144  79.54+024  83.67+057 89.83+053 93.76+052
CL-LoRA (He et al., 2025) 87.47+060 91.37+130 57.12+131  68.17+101  79.78+017  85.10+067 76.28+270 86.81+124
LoRA-DRS (Liu & Chang, 2025) 90.03+007  93.24+097 57.58+079 66.72+079 75.96+036 81.82+085 87.58+028 92.30x0.61
MOS (Sun et al., 2025) 91.54+045 94.18x115  57.54x037 64.50x144  77.65x050 81.94x066 89.881029 93.521061
MACIL (Wu et al., 2025) 91.86+022 94.44+096 63.15+017 70.54+179  81.82+022  85.76+032 90.23+013  93.78+040
E-GR-LoRA 92.00+003  94.56+096 63.22+086 69.96+220 80.59+021  85.13+029 89.79+015  93.72+0s1
GR-LoRA 91.97+017  94.65+097 63.60+041 70.24+185 82.09+01s 86.20+028 89911044 93.85+073

adapter-based methods, such as SSIAT (Tan et al., 2024),
EASE (Zhou et al., 2024), and MOS (Sun et al., 2025);
(3) LoRA-based methods, including InfLoRA (Liang & Li,
2024), LoRA-DRS (Liu & Chang, 2025), CL-LoRA (He
et al., 2025), and MACIL (Wu et al., 2025); and (4) the
fine-tuning method SLCA (Zhang et al., 2023a).

Implementation Details. We adopt ViT-B/16 (Dosovitskiy
et al., 2021) pretrained on ImageNet-21K (Russakovsky
et al., 2015) as the backbone and integrate LoRA with
rank 7 = 10 into the key and value projections of all at-
tention layers. Following prior work (Liang & Li, 2024;
Liu & Chang, 2025), the model is optimized with Adam
and a cosine annealing schedule. All results are reported
as the mean and standard deviation over three runs with
different random seeds. More implementation details and
hyperparameter settings are provided in the Appendix A.
The source code is available at https://github.com/njustkmg/
ICML26-GR-LoRA.

4.2. Main Results

Performance on Long Task Sequences. We evaluate the
effectiveness of GR-LoRA under long task sequences, with
results summarized in Table 1. The experimental results lead
to the following observations: (1) GR-LoRA consistently
outperforms all competing methods across CIFAR-100 and
the more challenging ImageNet-R benchmark under both
the 20-task and 50-task settings, achieving superior perfor-
mance. This demonstrates its strong robustness to error
accumulation and distributional drift in long task CIL. (2)
Compared with orthogonality-based methods, GR-LoRA
attains a more favorable stability—plasticity trade-off by ex-
plicitly recycling discarded gradients into task-specific mod-
ules, rather than suppressing them through hard constraints.
This design allows the model to preserve previously ac-

quired knowledge while maintaining sufficient plasticity for
learning new tasks, and the resulting advantage becomes
increasingly pronounced as the task sequence length grows.
(3) The efficient variant E-GR-LoRA consistently ranks sec-
ond across all settings, indicating that the proposed gradient
recycling remains effective even under reduced computa-
tional budgets and confirming its robustness to practical
resource constraints. Additional results on long task se-
quences are provided in Appendix B.1.

Versatility on Standard Benchmarks. To assess the gener-
alizability of GR-LoRA, we further evaluate it under stan-
dard short-task settings with 10 tasks on four benchmark
datasets, as reported in Table 2. The experimental results
can be summarized as follows: (1) GR-LoRA demonstrates
consistently strong performance across all evaluated settings,
indicating robust generalization under short task sequences;
(2) on more challenging benchmarks, including ImageNet-A
and the fine-grained CUB-200, GR-LoRA remains compet-
itive and maintains stable performance. Detailed per-task
results are reported in Appendix B.2.

4.3. Ablation Study

Impact of each component. As shown in Table 3, we ana-
lyze the impact of each proposed component on ImageNet-
R. For a fair comparison, following SLCA (Zhang et al.,
2023a), we adopt Classifier Alignment applied after train-
ing as the baseline, which corresponds to the component
in GMS that focuses solely on preserving ID classification
performance. The experimental results lead to the follow-
ing observations: (1) under the presence of CA, recycling
the components discarded during orthogonal projection into
task-specific modules yields a clear performance improve-
ment, demonstrating the effectiveness of gradient reuse; (2)
to mitigate potential inference-time degradation caused by
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mis-selection of task-specific module, the two proposed sup-
pression strategies consistently improve model performance,
validating their necessity in our method; (3) compared with
the “Single LoRA” strategy that allocates an independent
adapter for each task, our method achieves significantly
better performance, highlighting the importance of sharing
orthogonal knowledge across tasks rather than isolating pa-
rameters for individual tasks. Additional ablation results
on other Datasets are provided in Appendix B.3, further
confirming the generalizability of these components across
different datasets.

time. Specifically, the two suppression strategies encour-
age each module to exhibit correct behavior on features
corresponding to its associated task, while reducing confi-
dence on mismatched features originating from other tasks.
This design is analogous to a K+1 classification in OOD
detection (Miao et al., 2024), and effectively suppresses
erroneous module selection at inference time.

Table 4. Comparison on the 20-task ImageNet-R benchmark in
terms of Multiply-Accumulate operations (MACs), learnable pa-
rameters (LP), and model performance.

Method ‘ MACs (G) ‘ LP (M) ‘ Arast Advg
Table 3. Ablation study of individual component contributions
on the 20-task ImageNet-R benchmark. CA denotes Classifier L2p 35.85 020 | 69.64 7528
Alignment, LMS denotes Local Mismatch Suppression, and GMS CODA-Prompt 33.73 399 |69.96 75.34
denotes Global Mismatch Suppression. v" and X indicate whether SLCA 16.86 85.81 | 75.53 80.65
the corresponding component is enabled or disabled, respectively. LoRA-DRS 18.31 0.38 74.96 80.66
Components SSIAT 17.10 1.20 | 78.31 82.35
W CA LMS GMS| Aprgst Asug MOS 16.92 0.76 | 75.04 80.39
MACIL 21.51 1.19 |79.46 84.25
LoRA-DRS v X X | 77.90+026 82.50+043
Single LoRA o/ v | 70.50x093 76.79+053 E-GR-LoRA ‘ 18.27 0.38 | 79.21 84.41
X X | 78.22+044 83.77+021 GR-LoRA 18.39 0.74 | 80.23 85.05
GR-LoRA v o/ X 7912400 84.3310: GR-LoRA(r=5) 17.62 0.38 |80.22 84.98
0 VX /796550 84.73
002030 O%. 192005 GR-LoRA((=20) 19.91 1.48 | 80.53 85.34
v v v | 80232027 85.05+047
Computational Overhead. As show in Table 4 we
100 10300 100 103,00 compare the Multiply-Accumulate operations computa-
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Figure 4. Module selection accuracy and Last accuracy across
different datasets under the 20-task and 50-task setting.

Module Select Accuracy Analysis. As shown in Figure 4,
we analyze the evolution of module selection accuracy for
each task on CIFAR-100 and ImageNet-R under the 20-task
and 50-task setting after integrating LMS and GMS. The
results show that the proposed suppression strategies signifi-
cantly improve the final model performance by increasing
the accuracy of task-specific module selection at inference

tion (Molchanov et al., 2017), trainable parameters, and
accuracy metrics (Arqst and A 4,4). The results show that
GR-LoRA consistently achieves superior accuracy while
incurring only modest training and computation overhead,
demonstrating a favorable performance—efficiency trade-
off. Moreover, the efficient variant E-GR-LoRA substan-
tially reduces the number of trainable parameters with only
negligible performance degradation, making it particularly
suitable for resource-constrained scenarios. In addition, sen-
sitivity analysis with respect to the rank r shows that the
proposed method is largely insensitive to rank variations.
Notably, setting » = 5 attains training efficiency comparable
to E-GR-LoRA while preserving higher accuracy, further
highlighting the robustness of the proposed design.

Table 5. Inference latency comparison on the 50-task ImageNet-R
benchmark.

| Inference Time (s) | A
Last

Method

| Per Image Total Test |
LoRA-DRS 1.78 15.93 72.37
MOS 2.56 400.85 | 66.95
MACIL 2.01 19.04 71.13
GR-LoRA | 258 42732 |7743

We further analyze the inference latency of GR-LoRA and
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recent SOTA methods on the 50-task ImageNet-R bench-
mark, as reported in Table 5. Since our task-inference strat-
egy relies on an entropy-based selection mechanism, each in-
put needs to be evaluated by multiple task-specific branches
during inference. This design introduces non-negligible
time overhead, which increases with the number of tasks.
However, such linear computational scaling is a systemic
limitation of entropy-based routing architectures rather than
a limitation specific to GR-LoRA. Importantly, the accuracy
gains brought by GR-LoRA are sufficient to compensate for
this additional inference cost.

5. Conclusion

In this paper, we propose GR-LoRA to resolve the stability-
plasticity dilemma in CIL via a Gradient Recycling mecha-
nism. By utilizing task-specific LORA modules to recycle
non-orthogonal gradient updates and employing entropy-
based selection, our method theoretically overcomes the
limitations of strict orthogonality while balancing stability
and plasticity. To ensure reliable selection, we further pro-
pose two suppression strategies consisting of LMS and GMS
that minimizes mismatched module activation. Extensive
experiments validate the superiority of GR-LoRA, particu-
larly in long-sequence tasks. Additionally, we demonstrate
that both our efficient E-GR-LoRA variant and simple rank
adjustments offer flexible trade-offs between high parameter
efficiency and superior performance. Despite these advan-
tages, the entropy-based selection mechanism introduces
additional inference latency as the number of tasks increases.
Reducing this latency while preserving task-specific routing
benefits remains important future work.
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A. Implementation Details.

We utilized a single NVIDIA RTX 4090 GPU for all experimental evaluations. For the network architecture, we adopt
ViT-B/16 (Dosovitskiy et al., 2021) with N = 12 transformer blocks pretrained on ImageNet-21K (Russakovsky et al., 2015)
as our backbone architecture across all experiments. Consistent with prior works (Liang & Li, 2024; Liu & Chang, 2025),
We set LoRA rank to » = 10, and integrate the LoRA architecture into the key and value components of all the attention
layers in the transformer. The model was optimized using the Adam optimizer with a learning rate of 0.0005 and a cosine
annealing scheduler, with a batch size of 64. Across different datasets: each task is trained for 50 epochs on ImageNet-R and
ImageNet-A, and 20 epochs on CIFAR100 and CUB-200. Following standard protocol, we report the mean and standard
deviation over three runs with different random seeds. The use of random seeds introduces variability in class order across
runs, making the evaluation of model performance more challenging.

B. Additional Experiments.
B.1. Performance on Long Task Sequences.

To validate the generalizability of our method across all datasets, particularly in long-sequence scenarios, we conducted
additional experiments on the challenging CUB-200 and ImageNet-A datasets under long-task settings (20 and 50 sessions).
As shown in Table 6, our method consistently achieves the best performance across all settings, significantly outperforming
other SOTA methods. Furthermore, to better demonstrate the superiority of our approach, we report the evolution curves of
Apqst throughout the entire training process in Figure 5.

Table 6. Last and average performance results on CUB-200 and ImageNet-A under the long-term setting (20 and 50 tasks). The mean and
standard deviation of three trials are provided. We compare all methods using the same ViT-B/16-IN21K backbone, seeds, and class
orders. Red denotes the best result and blue denotes the second-best result in each column.

\ CUB-200 \ ImageNet-A
Method 20 50 20 50
ALast AAvg ALast AA'U_(] ALast AAvg ALast AA'U_(]
CODA-Prompt (Smith et al., 2023) | 66.41+081 78.10+187 46.25+068 63.25+260 | 45.40+130 54.55+086 30.35+096  41.53+064
SLCA (Zhang et al., 2023a) 82.48+053  90.14+100  78.47+185 88.38+024 | 55.014266 63.59+220 49.31x003  56.72+1582
EASE (Zhou et al., 2024) 84.51+167 91.02+100  86.46x014 92381025 | 50.321211 61.77x160  37.06x050  49.80x024
SSIAT (Tan et al., 2024) 89.06+066 93.52+0s55 83.64+167 91.841047 | 60.524207 68.874220 S51.441057  61.631261
LoRA-DRS (Liu & Chang, 2025) 87.50+026 92.66+057  86.97+013  92.70+030 | 55.02+174 64.52+116 53.28+175  63.444278
MOS (Sun et al., 2025) 89.42+02  93.66+042  89.28+025  93.47+043 | 55.26+092 64.53+102 52294158 62.91+110
MACIL (Wu et al., 2025) 88.63+061  93.521043  82.06x048 91.04x041 | 59.40+076 67.79+151 47.86x178  59.96+144
GR-LoRA ‘ 89.76+025  94.08+0s5 89.68+026 93.941053 ‘ 62.374+034  69.30+108  59.71x013  67.234216

CUB-200 20-Task
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Figure 5. The performance of each learning session under different settings of CUB-200 and ImageNet-A. All methods are initialized
with ViT-B/16-IN21k. These curves are plotted by calculating the average performance across three different seeds.
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B.2. Versatility on Standard Benchmarks.

To illustrate the performance evolution during the incremental learning process on standard benchmarks, we plot the
accuracy curves (A qs¢) after each task, as shown in Figure 6. It is evident that our method consistently maintains superior
performance throughout the entire training sequence, occupying the leading position among all state-of-the-art baselines.

CIFAR-100 10-Task ImageNet-R 10-Task ImageNet-A 10-Task CUB-200 10-Task
100 100
98 95
S 90
>
%) 85
© 92
§ 80
2 9
75
88
70
123456 78910 123456 78910 123456 78910 123456 7 8910
Task Task Task Task
—— InfLoRA SSIAT —— LoRA-DRS —— CL-LoRA —— MOS —— MACIL E-GR-LoRA -— GR-LoRA

Figure 6. The performance of each learning session under four benchmark datasets (10 tasks). All methods are initialized with ViT-B/16-
IN21k. These curves are plotted by calculating the average performance across three different seeds.

B.3. Ablation Study on other Datasets.

Additional ablation studies are conducted on CIFAR-100 and ImageNet-A under the 20-task CIL setting. As shown in
Table 7, progressively incorporating the proposed components consistently improves performance across both datasets.
These results validate the effectiveness of each module and demonstrate the generalizability of GR-LoRA under diverse and
more challenging data distributions.

Table 7. Ablation study of individual component contributions on CIFAR-100 and ImageNet-A under the 20-task CIL setting.

CIFAR-100 ImageNet-A
-ALast -AAUg ALast -AA'ug

Method CA LMS GMS

LoRA-DRS v X X 90.34 9393 55.69 64.39
Single LoRA v v v 88.06 9241 5853 64.38
GR-LoRA v X X 90.41 94.26 58.20 66.71
v v X 90.74 9445 59.12 6791
v X v 9125 9477 6129 70.09
v v v 9142 94.84 62.08 70.55

B.4. Storage Overhead.

Storing class prototypes and covariance statistics is a common and effective strategy in CIL, as it helps mitigate the bias
of the classifier toward newly learned tasks and improves the retention of previously acquired knowledge. Compared
with standard prototype-based classifier or classifier alignment methods, GR-LoRA introduces only negligible additional
storage overhead. Specifically, our method requires storing one extra shared-space prototype u. € R'*76® per class. This
additional prototype is used only for constructing OOD prototypes. Importantly, GR-LoRA does not require storing any
extra covariance matrix, the generated OOD samples reuse the same private-space covariance matrix 3. as the original ID
samples. As shown in Table 8, the storage cost of GR-LoRA is 2.365 MB per class, compared with 2.362 MB for standard
Classify Alignment. Therefore, the additional overhead is only about 3 KB per class, which is negligible in practice.
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Table 8. Storage overhead comparison of representative prototype-based CIL methods per class with feature dimension d = 768.

Method Stored Variables Parameters Storage (MB)
Prototype Classifier 7 d 0.003
Classifier Alignment [T DY d+d? 2.362
GR-LoRA p+ i+ 2d + d? 2.365

C. Theoretical proof process.

To analyze the plasticity of the proposed method, we study the attainable population risk under different parameter constraints
from an optimization perspective. We assume that the population risk R;(W) is p-strongly convex and L-smooth with
respect to the model parameters W. Let P! € R%** denote an orthonormal basis of the residual subspace at layer [
for task ¢, i.e., (PL) TP} = Ij,. The corresponding orthogonal projection operator is defined as TI. = P}(P!) T, and the
complementary projection is Q} = I — IT..

Theorem C.1. Foreachtaskt =1,...,T, let w 1,¢ denote the solution obtained under the orthogonal constraint induced
by the layer-wise projectors {Hi}le, and let W be the unconstrained population minimizer of R;. Then, with probability
at least 1 — 6, it holds that

T T L
S (RU(W L) — Re(W))) < ZZ(fHQNszt( ol
t=1 t=1 =1

AR, (L) + 2/ REGTER),

where W7, is the population minimizer under the orthogonal constraint and R, (-) denotes the Rademacher complexity.

(16)

Proof. For each task t, let the data distribution be P; over (x,y). Define the population risk and empirical risk (w.r.t.
samples Dy, = { (X1, i) }ity) s

Ry(W) := Ex yynp, [0(f (s W), y)], Zf (Xi,6; W), Yirt)- (17)
Let the orthogonal constraint set be
S, = {W . W' = W!_, + II'U! for some U', Wl € {1,... ,L}}, (18)
i.e., the layer-wise update AW! := W! — W!__ is restricted to range(IT!). Define
W7, = arg Vrvnelgt Ry(W), \/Z\VL,: = arg VI$1€11§t }A%t(W), W7} = arg n‘lhi]n Ry(W). (19)

Assume R;(W) is p-strongly convex and L-smooth in W (Polovinkin, 1996). For each task ¢,

Ri(W) = R(W7) = (R(WL) = R(W,)) + (Ri(WL,) = Ri(W))). (20)
estimation / generalization approximation / constraint-induced
Summing (20) over t = 1,...,T reduces the proof to bounding the two terms on the right-hand side. We first state a

standard consequence of yu-strong convexity.

Lemma C.2. If a differentiable function F is p-strongly convex, then for its unique minimizer W* = arg minyw F(W),

YW. 2

F(W) — F(W*) < iHVF(W)Hi,,

14
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Proof of Lemma C.2. By p-strong convexity, for all U, V,
F(U) 2 F(V) + (VF(V), U= V) + £||U - V]}. (22)
Set U = W* and V = W, rearrange:
F(W) = F(W*) < (VF(W), W - W*) — Z|W — W[5 23)
Apply Cauchy-Schwarz and the inequality ab — £ < icﬁ witha = |VEF(W)||p and b = ||[W — W*||p:
(VE(W).W = W) = SIW = W < [TEW)E[W = W = 5IW = W < o [TEW)[. 24
This yields (21). [

We now bound R;(W7 ;) — R;(W;). Because S; is an affine subspace whose feasible directions at layer [ equal range(T1}),
the first-order optimality condition for the constrained minimizer W7 , can be written as: for every layer [ and for every

feasible perturbation AW! € range(IT!),
(Vwi Re(W7,), AW') =0. (25)
Since range(TI.) is exactly the set {TILU' : U'}, (25) is equivalent to
(VwiR(W? ), ILUY) =0, vU. (26)
Using (A, B) = tr(A T B) and cyclicity of trace,
0 = tr((Vawe R(WL,)) TTIUY) = tr(((T1) T Vs R(W,)) TUY), VUL, @)

Hence,
(IT) " Vwi Ry (W1 ;) = 0. (28)

Because IT! is an orthogonal projector, it is symmetric: (IT}) T = IT.. Therefore,

MVwi R(WT,) =0, —  VwiR(W1,)=0-T)VwiR(W71,)=QVwiR(W1,). (29
Now apply Lemma C.2 to F(W) = R, (W) at W = W,
. N 1 . 2
Ry(W1L,) = B(W}) < o [|VRU(WL ) |- (30)

Finally, expand the full gradient norm layer-wise and use (29):

L L
IVR(W )5 = ST [Vt R(W2 )5 = S [|QIVwi R(W )| 5. 31)
=1

=1
Thus we obtain the constraint-induced gap:

L

1
R(W1,) — R(W)) <> ZHQiVWZRt( Lol (32)
=1

We now bound Rt(\/ﬂ\/’ 1) — Rt(Wj_,t). Let 7 ; be the hypothesis class induced by parameters in S;:
Frp={(x—=Lf(x;W),y)) : W € S} (33)

15
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Assume we have an additive upper bound on the Rademacher complexity:

L
R, (FrLi) < Z (34)

We use the standard uniform convergence bound: for any d; € (0, 1), with probability at least 1 — d;,

=~ log(1/6
sup (B(F) = Relh)) < 290, (FL) + ) 20, (35)
fe]']‘,t T
Similarly, with probability at least 1 — J,
=~ log(1/6
sup (Rt(f) — Rt(f)) <2R,, (FiLe)+ % (36)
feFL nt
By a union bound over (35) and (36), with probability at least 1 — 2d;,
~ log(1/6
swp [Ri(f) = Bu()] < 290, (Fra) + | 25, @
fEFL + nt
Now use the ERM property:
R(Wu)gR( ) (38)

Then, on the event (37),

Ri(W L) = R(W ) = (Ri(W L) = B(WL)) + (Re(W L) = Re(W1 ) + (Be(W ) = Ri(W )

< |R(W L) - Etw?u,t) 0+ |R(WL,) ~ R(WL)
<2 sup |Ry(W) — R{(W)|
WesS;
log(1/6
< AR, (FLy)+2 %. (39)
Ny
Combining with (34), we further obtain
— = log(1/6:)
R(W,,) - Z (490, (FLo) + Ttt> (40)

Choose §; so that the total failure probability across all tasks and layers is at most §. A convenient choice is §; := %, and

we already paid a factor 2 in (37), hence the logarithmic term becomes log(27L/d). Substituting §; = §/(T'L) into (40)
yields, simultaneously for all ¢ (and all layers accounted in the sum),

L

= log(2T'L/4)

Ri(W R,(W* (4 R, (FL ) +2 7) : 41

t(Wie) — R(WT ) z:: N 9 41)

with probability at least 1 — § after union bounding over ¢t = 1,..., 7. Finally, plug (32) and (41) into (20), and sum over

t=1,...,T:

M=

XT: (Rf (W_1,) Rf(Wt*)) <

t=1

(Re(WLa) = Ri(W1 ) + B(WT ) = Ri(W)))

o~
Il
—

L
log(2T'L/d 1
> (13,7 + 20 EEE 4 Qv (W ). @
=1

E

t

I
—

This is exactly the desired bound. O
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As established in Theorem C.1, when model updates are restricted to the orthogonal subspace defined by IT!, the cumulative
performance gap relative to the unconstrained optimum is dominated by |QLV R;||%.. Consequently, even under perfect

samples and optimization, orthogonal constraints induce an unavoidable plasticity gap.

Theorem C.3. Suppose the model parameters are augmented in the LoRA form W' = Wé + Z;;ll B.leé» + (BL +

]:D)é)(Af5 + Ai), where BLA! denotes the shared module learned under orthogonal constraints, and BiAé is a task-specific
module allocated to task t. Let W, , denote the population minimizer under this augmented parameterization. Then the
cumulative optimality gap across tasks satisfies

Loq

T
Z (Rt( GRt) — Rt(wt*)> < ZZ ﬂ” QiVwi Ri(W1 ) — st (Q)Vwi Ri( i,t))Hiﬂ (43)
t=1 t=11=1

where Ils: denotes the projection onto the subspace S! = range(BLA}).

Proof. For each layer [, define w! := vec(W!) € R% and stack all layers as w := ((w!)T,... (wE)T)T € RY, where

d= ZzL:1 d;. We use the standard inner product (a, b) = a”b and its matrix form (A, B) = tr(A " B). For any operator
M, denote its orthogonal projector by the same symbol. Under the quadratic assumption, for each task ¢ there exists a
symmetric positive definite matrix H; € R%*? such that

1
Ri(w) = Ry(w}) + 5(w —wi) THy(w — w), VRi(w) = Hy(w — w}), (44)

with 4I < H; < LI In particular, w} is the unique unconstrained minimizer and VR, (w}) = 0. Let 7, ; denote the
tangent subspace induced by the layer-wise orthogonal projectors {Hi}le:

Tie = {Aw = (AwWHT, ... (AwH) )T Aw! € range(ILL), vz}. 45)

Define the corresponding block-diagonal projector IT; ; onto 7, ; and Q ; := I — IT, ;. By construction, on each layer
block I, (T, ;)|; = ITL and (Q +)|; = QL. Let w7 ; be the constrained minimizer:

W, = arg min Ri(w). (46)

wews_1+TL ¢

Since the feasible set is an affine subspace and R; is differentiable and strongly convex, w’} , is unique and satisfies the
first-order optimality condition:

HJ_’tVRt(Wj_yt) =0 e VRt(Wj_’t) = QJ_,tVRt(Wj_yt) 47

Define the discarded gradient at w} ,:

g = QL. VR(W},) = VR(W',), g =QVuR(W],), (48)

so that ||g;||3 = Zle ||l||3. Under the GR-LoRA, the update directions include: (i) the orthogonal directions 7, ; (shared
orthogonal module), and (ii) additional task-specific directions in each layer [ belonging to the subspace

Shi= range(BAéAi) C range(Q!), (49)

where the inclusion in (49) is the standard GR-LoRA design assumption (task-specific module spans residual directions). Let
Tar,: denote the expanded tangent space: Tgr ¢ := {Aw : Aw! e range(l’[é) @ Stl, Vl}. Let Ilgr,: be the orthogonal
projector onto Tar ¢, and Qgr,+ := I — Ilgr¢. Let waRt be the population minimizer over the GR feasible affine space:

WGR, (= arg wewf,rflliETc;n,t Ri(w). (50)

Again, uniqueness holds and the first-order optimality condition yields

HGR,tVRt(WaR7t) =0 — VRt(WaR,t) = QGR,tVRt(WaR’t)- (51)
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For a quadratic R; of the form (44), minimizing R; over an affine subspace wq + 7 is equivalent to projecting the error
w; — wy in the H;-geometry. A standard characterization is:

wi=arg min_ Ry(w) = wh = wo + I (wi — wo), (52)

where H%- *) denotes the H;-orthogonal projection onto 7 (i.e., projection under the inner product (a, b)g, = a' H;b).
Moreover, the optimality gap admits the exact expression

Ry(w%) — Re(wy) f||Q<Hf (53)

2
Wt*)HHt7

where Q(THt) =I- H(ft) and ||v||, := v H;v. We will use a Euclidean upper bound of (53) via the spectral lower
bound H; > ul:

1
vz, < ;||Htv||§ since v H,v < = p v H?v = —\|Htv||2 (54)

Apply (53)to T = Tgr,s and wg = Wy_1:

Ri(Wer ) — Rie(wy) *Hng{t (W1 — Wf)”ilt (55)

Now define the constrained-only solution w* , which corresponds to tangent space 7, ;. By the same formula,

Ru(w )~ Ru(wi) = L QE (wer —wi)[7, (56)
Crucially, the residual gradient at w’ , satisfies
gt = VRiy(W7 ) = Hy(W7 , — w}). (57
Because Wj_,t € wy_1 + 71+, we can write
Wi —w; = (w1 —w;)+Ay,; forsome Aj;e Ty, (58)
Projecting onto the orthogonal complement of 7ag ; eliminates the 7 ; component since 7 ; C Tgr.+:
Qcrt (W1, —W;) = Qar.¢e(Wio1 — wy). (59

Now use (55) and the bound (54) with v = Qggr,¢(Wi—1 — W}):

* * H, * 2 ]. * 2
Ri(Wr,) — Ri(w}) = f||Q£~,R1 (wier = willg, < 3llQara(wior = wi)llg,
2
< @HHt Qari(wi1 = wy)| (60)
Using (59) and (57),
H; Qcrt(wi—1 —w;) = H; Qer (W1, — w;) = Qar,e Hi(W)] ; — w}) = Qcr.t 81, (61)

where the last equality uses that Qgr.+ is an Euclidean orthogonal projector and g; is a vector; thus Qgr +g: is well-defined.
Plugging (61) into (60) yields

Ri(Wen) = Fu(wi) < o e [eympraie (62)

By construction, 7R, expands 7 ; by adding S! in each layer. Under the design assumption S} C range(Q.) in (49), we
have an orthogonal direct sum per layer:

range(TTL) L S, range(IT) @ S! € R%. (63)
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Hence, the Euclidean orthogonal projector onto range(I1!) @ S} is
Mg, =M +1g,  Qur,=1-Mgg, =1-1; — Tl (64)

Now recall from (48) that g! € range(Ql), i.e., II'g! = 0. Therefore,

Qcr.gr = (I - I — gy gy = g; — i (&) (65)
Stacking all layers,
2 & 2 & 2
HQGR,tgtH2 = Z HQlGR,tgllEHQ = Z nglt - Hsg(gf‘/)Hg- (66)
=1 =1
Returning to matrix notation, || - ||2 on vec(-) equals the Frobenius norm || - || 7 on matrices, so
2 . 2
g — sy (80|, = [|QiVwi R(W? ) — st (Qi Vw1 Be (W) |- (67)
Combine (62) and (66):
Loy ,
Ri(Wr,) = Bu(W) < Z Sl QYW Ri(W1) — Tl (QUV w1 Re(W10)) [ (68)
Summing the above inequality over ¢ = 1, ..., T yields the claimed result. O

As established in Theorem C.3, by introducing task-specific low-rank modules to recycle residual gradient components, the
plasticity gap is no longer governed by the entire discarded gradient Q}V Ry, but only by the portion that lies outside the
representational subspace S!. This result demonstrates that Gradient Recycling effectively restores the usable optimization
geometry under orthogonal constraints, thereby mitigating the intrinsic plasticity gap induced by subspace projection.
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